Abstract. Kontsevich and Manin gave a formula for the number N e of rational plane curves of degree e through 3e − 1 points in general position in the plane. When these 3e − 1 points have coordinates in the rational numbers, the corresponding set of N e rational curves has a natural Galoismodule structure. We make some extremely preliminary investigations into this Galois module structure, and relate this to the deck transformations of the generic fibre of the product of the evaluation maps on the moduli space of maps.
Introduction
For a given positive integer e, we write N e for the finite number of rational (i.e. geometric genus 0) plane curves of degree e through 3e−1 points in general position in P 2 C . We see immediately that N 1 = N 2 = 1, and the number N 3 of singular plane cubics through 8 points is easily shown to be 12. Zeuthen [Zeu] proved in 1873 that N 4 = 620, and Ran [Ran89] and Vainsencher [Vai95] showed in the early 1990s that N 5 = 87, 304. Around the same time Kontsevich and Manin [KM94] proved a general recursive formula , allowing the rapid computation of any N e . Their proof ran via the intersection theory on moduli spaces of stable maps, and has initiated a vast area of research generalising this to curves of higher genera, and to more geometrically interesting targets in place of P 2 . In this paper we take a more arithmetic viewpoint, and ask over what subfields of C we should expect these rational curves to be defined. The most basic version of the question is the following: suppose the 3e − 1 points in general position all have coordinates in the rational numbers Q. Should we then expect any or all of the N e rational curves to be defined over Q (i.e. such that their defining equations can be chosen to have rational coefficients, or equivalently to arise by base-change from some curves over Q)? The answer is trivially 'yes' if e = 1 or 2 (since N 1 = N 2 = 1), but we will see later that the answer is 'no' for all higher e: Theorem 1.1. Let e > 1. Then the set of (3e − 1)-tuples of points in P 2 (Q) where at least one of the N e rational curves is defined over Q forms a thin set.
The notion of a thin set is due to Serre; in section 2 we will recall the definition and prove a stronger version of the above theorem. The idea of a thin set is that it should contain 'few' points; indeed, from the above we easily deduce in section 2.1: Corollary 1.2. Ordering all (3e − 1)-tuples of points in P 2 (Q) by height, the proportion of tuples where at least one of the N e curves is defined over Q is 0%.
Analogous questions can be asked about rational curves on hypersurfaces X in P N whose degree is low relative to their dimension. A lot is known about the irreducibility and dimension of the relevant moduli spaces, for generic X by work of Harris-Roth-Starr [HRS04] , Beheshti-Kumar [BK13] and Riedl-Yang [RY16] , and for any X by work of Browning-Vishe [BV17] and Browning-Sawin [BS18] . This allows us to prove analogously that very few n-tuples of points in X are such that at least one element of the finite set of rational curves through them of suitable degree is defined over Q. Theorem 1.3. Let X ⊆ P N be a smooth hypersurface of degree d such that (2d − 1)2 d−1 < N . Fix integers e > 0 and n ≥ 0 such that the expression (N + 1 − d)e + (N − 4) + n = n(N − 1) holds. Then there exists a thin set A ⊆ X n (k) such that for all P ∈ X n (k) \ A, the corresponding set of rational curves of degree e in X through the points in P contains no curve defined over Q.
Note that, unlike in the case of target P 2 , it is not always the case that we can fix the other variables and then find a value of n which works. This is because we have to arrange that a certain product of evaluation maps is finite so that these sets of rational curves are finite, and this is not always possible for arbitrary choices of N, d and e.
One could a-priori imagine that many, or even all, of the rational points on such a hypersurface might be contained in a thin set, making the previous result vacuous. However this is not the case, in section 5 we show that almost all points do not lie in any given thin set. Combining this with the above theorem yields: Corollary 1.4. Under the above hypotheses, and assuming that X(Q) is nonempty, the proportion of n-tuples of points in X(Q) for which at least one of the rational curves is defined over Q is 0%.
Informally, this means that 'most' of the sets of rational curves do not contain any curve defined over Q.
The questions we ask in this paper seem natural from an arithmetic perspective, but do they have interesting geometric content? As we will see in the proof of proposition 2.1, what we are really studying is the group of deck transformations of the generic fibre of the product of the evaluation maps on the moduli space of maps to P 2 of given degree. Kontsevich and Manin established that this cover is of degree N e , but this leaves open the question of the structure of the group of deck transformations.
1.1. Splitting fields. Given a set P of 3e − 1 Q-points of P 2 in general position, write C P for the set of N e (complex) rational plane curves of degree e through P . We write L P ⊆ C for the splitting field of the Galois module C P , i.e. the smallest sub-field of C such that every curve in C P arises by basechange from some plane curve over L P . Naively, we can think of L P as the field generated by the coefficients of defining equations for the curves, after scaling these equations to have at least one coefficient in Q.
The field extension L P /Q is necessarily finite and Galois (in other words, the fixed field of the automorphism group of L P over Q is Q itself). We can ask about the degree of L P over Q or (for a finer invariant) its Galois group Gal(L P /Q). At one extreme we could have L P = Q, in other words all C P are defined over Q. At the other extreme it could have L P of degree N e ! and Galois group the symmetric group S Ne on N e objects. We conjecture that the latter occurs 'almost always'. More precisely, we propose: Conjecture 1.5. For all P outside a thin subset of (P 2 ) 3e−1 (Q), we have Gal(L P /Q) = S Ne .
See section 2 for the definition of a thin set. The conjecture is trivially true for e = 1 and 2, and we prove it in section 3 for e = 3.
1.2. Further questions. There are a number of possible variations and extensions on the questions proposed in this note. One can ask whether the 0-dimensional schemes C p satisfy the Hasse Principle, or whether there is a Brauer-Manin obstruction.
It also seems to be interesting to understand what happens in positive characteristic, but to the authors' knowledge even the number of rational curves has not been determined overF p (it is clear that the number coincides with that over C for 'large enough' p, but making this 'large enough' explicit, and understanding what happens for small p, seems to remain open).
It may well be possible to extend the computations in section 3 to e = 4 or maybe even e = 5, though the authors do not have the courage to attempt it. It is clear that other techniques will be needed in the general case.
1.3. Atttribution. Sections 1 -4 are due to the first-named author. Section 5 is due to the second-named author.
1.4. Acknowledgements. Both authors are grateful to Tim Browning for putting them in contact with one another, and for helpful comments.
2. Most sets of N e curves contain no curve defined over the ground field
Let k be a field of characteristic zero, and X/k an reduced separated scheme of finite type (a variety). A subset A ⊆ X(k) is called thin if there exists a map of varieties π : Y → X, not admitting a rational section, and such that
is not thin (as a subset of itself). The field Q is Hilbertian, as is any finitely generated extension; C is not.
Let k ⊆ C be a Hilbertian field, and fix a positive integer e. Suppose we are given P ∈ (P 2 ) 3e−1 (k); we can think of this as a (3e − 1)-tuple of k-points in P 2 , and we write C P for the set of rational curves of degree e through P defined overk; in general this set may be infinite. We say P is transitive if
• the set C P has N e elements (this holds if P is in 'general position'), and • the Galois group Gal(k/k) acts transitively on the set C P (equivalently, the Galois group of the splitting field L P of C P is a transitive subgroup of the symmetric group on N e elements). Note that P being transitive implies in particular that none of the curves in C P is defined over k, for e > 2.
Proposition 2.1. The set of P ∈ (P 2 ) 3e−1 (k) which are not transitive form a thin set.
Proof. We may and do assume that e > 2, otherwise the result is obvious. The result is immediate from a lemma of Serre, after the standard reformulation of the counting problem into a moduli problem. We write M 0,3e−1 (P 2 , e) for the moduli space whose T -points are tuples (C/T, x 1 , . . . , x 3e−1 , ϕ) with C/T a smooth curve of genus 0, the x i ∈ C(T ) disjoint sections, and ϕ : C → P 2 is fibrewise generically immersive and satisfies ϕ
It is easy to check that M 0,3e−1 (P 2 , e) is an irreducible variety. This space M 0,3e−1 (P 2 , e) comes with evaluation maps ev i to P 2 for 1 ≤ i ≤ 3e − 1, sending (C/T, x 1 , . . . , x 3e−1 , ϕ) to ϕ • x i . Together these ev i induce a map ev : M 0,3e−1 (P 2 , e) → (P 2 ) 3e−1 , generically finite of degree N e , and C P = ev −1 (P ). Denote by η the generic point of (P 2 ) 3e−1 , then the fibre ev −1 η is irreducible since M 0,3e−1 (P 2 , e) is. Then by [Ser16, prop. 3.3.5] there exists a thin set A ⊆ (P 2 ) 3e−1 (k) such that for all P outside A, the fibre ev −1 P has the expected number N e ofk-points and is irreducible, so the Galois action is transitive.
In fact, the same proof shows more: we can choose the thin set A such that for every P outside A, the Galois group of L P is naturally isomorphic to that of the generic fibre ev −1 η/η. So to prove conjecture 1.5 it would be equivalent to show that the Galois group of the generic fibre ev −1 η were the full symmetric group S Ne . 2.1. Asymptotics. In this subsection we take k = Q. There are a number of senses in which thin sets contain 'few' points. One of them is by counting the number of points up to a given size. For a positive integer B we define M(B) to be the number of points in (P 2 ) 3e−1 (Q) with integer coefficients (x 1 , . . . , x 6e−2 ) satisfying max i |x i | ≤ B. It is easy to see that M(B) ≍ B 9e−3 . We define N(B) to be the number of such points P which are not transitive. By the thinness of the set of non-transitive points and [Ser16, theorem 3.4.4], we obtain
In other words, for any ǫ > 0, the ratio N(B)/M(B) tends to zero at least as fast as B −1/2+ǫ as B → ∞.
Remark 2.3. The reader may complain that Serre's result is about thin sets in affine space, not in projective space. To apply it here, we need to check that if A is a thin set in P n , then the cone over A is a thin set in A n+1 . But since being a thin set is stable under birational transformations it is enough to check that, if B is a thin set in A n , then B × A 1 (k) is a thin set in A n+1 , which is obvious.
Splitting fields for e = 3
We know that N 3 = 12, and by conjecture 1.5 we should expect that the Galois group is S 12 for all P outside some thin set; here we verify that. By the same argument as in the proof of proposition 2.1 it is enough to verify that the Galois group of the splitting field of the generic fibre L η = ev −1 η is S 12 . If P is any point in (P 2 ) 8 with #C P = 12 (so ev isétale in a neighbourhood of P ) then we have a natural injection from the Galois group of L P to the Galois group of L η . Hence it suffices to find a single such P for which we can show that the Galois group of L P is S 12 .
For readability we will describe our example in affine coordinates, on one of the standard charts of P 2 . A little random experimentation brought us to the 8 points (1, 0), (−3, 1), (3, −3), (−3, 3), (2, −1), (−3, 1), (2, 4), (1, 3) (in the first affine patch). The 2-dimensional space of cubics through these eight points is spanned by the cubics A curve of degree 3 is rational if and only if it is not smooth, and the vanishing of the discriminant detects exactly when this non-smoothness occurs. In other words, the scheme of zeros of ∆ is isomorphic to the scheme C P = ev −1 P , so the splitting field L P is given by the splitting field of ∆. We computed the Galois group of the latter in MAGMA, and found it to be S 12 as required.
Hypersurfaces of low degree
4.1. Formalities. We continue to work over a Hilbertian field k with algebraic closurek. The reader will note that the only properties of the variety P 2 used in the proof of proposition 2.1 are the following:
(1) M 0,3e−1 (P 2 ; e) is an irreducible variety; (2) the product of the evaluation maps ev : M 0,3e−1 (P 2 ; e) → (P 2 ) 3e−1 is generically finite. This naturally leads us to a generalisation of proposition 2.1. Let X/k be a variety, fix a line bundle 1 L on X, and for each non-negative integer n define a moduli functor M 0,n (X, L; e) on the category Sch k of schemes over k, sending T to the set of tuples (C/T, x 1 , . . . , x n , ϕ) where
• C/T is a smooth proper curve of genus 0;
• The x i ∈ C(T ) are disjoint sections;
• ϕ : C → X T is a T -morphism which is generically immersive on each fibre, such that ϕ * L has degree e on each fibre of C/T , modulo isomorphisms over X (such isomorphisms are unique when they exist, so this is a fine moduli space). This functor is not always an irreducible variety (for example, if L = O X and e = 0 it is likely to have infinitely many connected components; the quintic 3-fold provides a much less trivial example), but sometimes it is an irreducible variety, for example when X is P 2 and L = O(1).
As before we have evaluation maps ev i : M 0,n (X, L; e) → X sending a tuple (C/T, x 1 , . . . , x n , ϕ) to ϕ • x i , and can take their product ev : M 0,n (X, L; e) → X n . The set ofk-points of the fibre of ev over a point P = (p 1 , . . . , p n ) ∈ X n (k) is exactly the set of rational curves in X overk, of L-degree e, and passing through all the p i . In general this set can be infinite, but if ev is generically finite (i.e. the fibre of ev over the generic point of X n is finite) then, for P outside some proper Zariski closed subset of X n , these sets are finite and all of the same cardinality, which we shall denote N(X, L, n, e). In this case we say P is transitive if indeed the fibre has the 'expected' number N(X, L, n, e) of k-points, and moreover the natural action of Gal(k/k) on the fibre is transitive. Imitating the proof of proposition 2.1 one immediately obtains Proposition 4.1. Fix a variety X, a line bundle L on X, and non-negative integers e and n. Assume that (1) M 0,n (X, L; e) is an irreducible variety; (2) the product of the evaluation maps ev : M 0,n (X, L; e) → X n is generically finite. Then there exists a thin subset A ⊆ X n (k) such that all P ∈ X n (k) \ A are transitive.
Note that we do not exclude the possibility that the generic fibre of ev is empty, but any map from the empty scheme is finite, and for these purposes we consider the unique group action on the empty set to be transitive, making the result vacuous in this case. Connoisseurs of the empty set will consider this in poor taste -'transitive' should morally mean 'has exactly one orbit', so that the action on the empty set should not be considered transitive. Such readers should add to our result the assumption that the generic fibre of the map ev is non-empty; understanding when this happens seems a very interesting problem.
Hypersurfaces.
For an interesting application of proposition 4.1 we need a variety X with two properties. First, it should satisfy the criteria of proposition 4.1. But we should also ask that X(k) is itself not thin, otherwise the conclusion is vacuous. Such examples are provided by hypersurfaces in projective space of low degree (relative to their dimension).
Fix positive integers N, d and e, and let X be a smooth hypersurface of degree d in P N ; we fix L = O(1), and drop it from the notation henceforth. When is M 0,n (X; e) an irreducible variety? Note that M 0,n (X; e) can be built from M 0,0 (X; e) by repeatedly taking universal curves (and deleting loci where sections intersect), so M 0,n (X; e) is an irreducible variety if and only if M 0,0 (X; e) is, and their dimensions differ by n. There are two main cases when M 0,0 (X; e) is known to be an irreducible variety:
(1) char k = 0, N > 2 and d+2 < N, and X is generic, by work of Beheshti and Kumar [BK13]; (2) N > 2 and (2d − 1)2 d−1 < N by work of Browning and Sawin [BS18] , with no genericity assumptions on X, but assuming char k = 0 or char k > d. In these cases it is also known that M 0,0 (X; e) is of the 'expected' dimension (N + 1 − d)e + (N − 4). Since the dimension of X n is n(N − 1), the map ev : M 0,n (X, L; e) → X n is generically finite if and only if (N + 1 − d)e + (N − 4) + n = n(N − 1) (it could perhaps happen that the map ev is not dominant, but in this case the generic fibre of ev is empty, so the result is vacuously true as remarked above). We deduce:
Proposition 4.2. Let N > 2, d > 0 and e > 0 and n ≥ 0 be integers such that (N + 1 − d)e + (N − 4) + n = n(N − 1). Let X be a hypersurface in P N of degree d, satisfying one of the assumptions (1) and (2) above. Then there exists a thin set A ⊆ X n (k) such that all P ∈ X n (k) \ A are transitive.
Asymptotics.
We keep the notation of the above section, but restrict now to the case k = Q. A-priori it could be that A = X n (Q), but using the results from the appendix we can show this is far from the case. First, we must assume that X has at least one rational point (by Birch's result below, this is equivalent to assuming that X is everywhere locally soluble).
Then for a positive integer B, write M(B) for the number of rational points on X n of height less than B. Assuming that N > 2
Now write N(B)
for the number of P ∈ X n (Q) which are not transitive. Assume N > 2 d (2d − 1) − 1, then by proposition 4.2 there exists a thin subset A ⊆ X n containing all those P which are not transitive. Now we can apply theorem 5.1 to see that there exists δ > 0 with
Hence the ratio
where c ′ is some positive constant. Summarising, we have Theorem 4.3. Let X/Q be a hypersurface with N > 2 d (2d − 1) − 1. Then there exists δ > 0 such that #{P ∈ X n (Q) : H(P ) ≤ B and P not transitive} #{P ∈ X n (Q) :
Informally, this tells us that most collections of points on a hypersurface X are transitive, thus the sets of curves through them contain no curves defined over Q.
Thin Sets on Smooth Hypersurfaces of Low Degree
Let F ∈ Z[x 0 , . . . , x N ] be a homogeneous form of degree d. Denote by X the projective variety defined by F and assume (for simplicity) that it is smooth. Given n ∈ N, suppose A ⊂ X n (Q) is a thin set. The purpose of this note is to show that a thin set on X n contains few points, extending a result of Browning-Loughran [BL17, Theorem 1.8] on the number of points in a thin subset of a quadric to multiple copies of a general hypersurface (of suitably large dimension). Fix
be some non-empty collection of residue classes for each prime p. Denote their relative density by
where X n denotes the affine cone of X n . Then we intend to investigate the quantity
where x = (x (1) , . . . , x (n) ) and each element in the n-tuple has affine representative 
where
and
Remark 5.3. This theorem (for n =1) is analogous to [BL17, theorem 1.7] and all the results derived for quadrics concerning fibrations, zero loci of Brauer group elements and friable divisors could also be generalised to the setting of smooth hypersurfaces of low degree in a similar fashion. Now assuming theorem 5.2, we'll demonstrate how to establish the main result.
Proof of theorem 5.1. It suffices to prove the estimate in theorem 5.1 when A is either a type I or type II thin set. This will follow from the m = 1 case of theorem 5.2. If A is a type I thin set then there is some proper, Zariski closed subset Z ⊂ X which describes it. By [BL17, lemma 3.8] for all primes p, we have #Z(F p ) ≪ Z p n(N +1)−1 . It follows that there exists a constant c > 0 such that ω p ≥ 1 − c p , and thus
Similarly, if A is a type II thin set then [BL17, lemma 3.8] implies there is a positive density set of primes P and a constant η > 0 such that ωp 1−ωp ≥ η, for large enough p ∈ P. It easily follows that
In either case, theorem 5.2 (with m = 1) implies that
Now setting K = B δ for δ > 0 sufficiently small, establishes theorem 5.1.
The rest of this note is dedicated to the proof of theorem 5.2. We count points x ∈ X n (Q) via their representatives x = (x (1) , . . . ,
where the x (j) are primitive vectors with F (x (j) ) = 0. Then, passing to the affine cone, we see
The right hand side of this expression can be bounded above using the Selberg sieve. Let
Define a sequence (a λ ) of non-negative numbers, supported on finitely many integers λ, by
for W some appropriate smooth, compactly supported weight function. Then,
Theorem 5.2 will follow from a suitable upper bound for the a λ sum. This is achieved by an appeal to Selberg's upper bound sieve as expressed in [FI10, theorem 7 .1]. In order to apply this, we need an expression of the form If p ∤ M then σ p (F (a (j) +p m y (j) )) = σ p , where σ p is the usual Hardy-Littlewood density associated to F . If p divides M, it cannot divide disc(F ). Let N(ℓ) := #{y mod p ℓ : F (a (j) + p m y) ≡ 0 mod p ℓ },
